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Abstract
We give a lower bound for the dimension of a faithful module over a finite dimensional
algebra satisfying the polynomial identity [x1, y1] · · · [xq, yq ] = 0 in terms of q and the di-
mension of the algebra.
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In the representation theory of artin algebras finite dimensional basic algebras
over an algebraically closed field play a central role, see [1]. Any such algebra satis-
fies a polynomial identity
[x1, y1][x2, y2] · · · [xq, yq ] = 0, (1)
where [x, y] stands for the commutator xy − yx, and q is a positive integer. Note
that an artinian ring  satisfies the polynomial identity (1) for some q if and only if
/rad  is commutative, and in this case the index of nilpotency of rad is an upper
bound for the least such q.
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Theorem 1. Let K be a field, and  a finite dimensional K-algebra satisfying
the polynomial identity (1). If M is a finitely generated faithful module over ,
then
dimK(M) 
√
dimK()− q
1
2 − 14q
. (2)
Proof. We prove by induction on q that there exist non-negative integers n1, . . . , nq
with n1 + · · · + nq = dimK(M) such that
dimK() 
1
2
dimK(M)2 + q −
q∑
i=1
(
n2i
2
−
⌊
n2i
4
⌋)
, (3)
where a/b denotes the largest integer not greater than the rational number a/b.
In the case q = 1, i.e., when is commutative our assertion is the Schur–Jacobson
theorem (see [4] for a simple proof).
Now assume that q  2, and (3) holds for all smaller values of the parameter q.
Denote by C the commutator ideal of , i.e., C is the two-sided ideal of  generated
by all the commutators [r, s] (r, s ∈ ). Consider the submodule CM of M . The
-module structures on CM and M/CM induce K-algebra morphisms ϕ : →
EndK(CM) and ψ : → EndK(M/CM). Clearly, we have
dimK()  dimK(imϕ)+ dimK(imψ)+ dimK(kerϕ ∩ kerψ). (4)
Now M/CM is a faithful imψ-module, and since kerψ  C, imψ is commutative.
So by the case q = 1 we have
dimK(imψ)  1 +
⌊
dimK(M/CM)2
4
⌋
. (5)
Since  satisfies (1), we have Cq = 0, hence kerϕ contains Cq−1. Therefore, imϕ
satisfies the polynomial identity [x1, y1] · · · [xq−1, yq−1] = 0, and CM is a faithful
imϕ-module. It follows from the induction hypothesis that
dimK(imϕ) 
dimK(CM)2
2
+ q − 1 −
q−1∑
i=1
(
n2i
2
−
⌊
n2i
4
⌋)
(6)
for some non-negative integers n1, . . . , nq−1 with n1 + · · · + nq−1 = dimK(CM).
Set nq = dimK(M/CM). We need a bound for dimK(kerϕ ∩ kerψ). Observe that
left multiplication by an element r ∈ kerψ is a K-linear map M → CM , and if r
is contained also in kerϕ, this map factors through M/CM . Since M is a faithful
-module, this yields a K-linear injection kerϕ ∩ kerψ → HomK(M/CM,CM),
implying
dimK(kerϕ ∩ kerψ)  dimK(M/CM) · dimK(CM). (7)
Using the upper bounds (5)–(7) for the three terms of the right-hand side of (4)
we obtain the inequality (3).
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Inequality (2) is an immediate consequence of (3) and the elementary inequality
n21 + · · · + n2q 
1
q
(n1 + · · · + nq)2 = 1
q
dimK(M)2. 
Theorem 1 can be viewed as a generalization of the old Schur–Jacobson theo-
rem [5,6] stating that the dimension of a commutative subalgebra of Mn(K) is less
than or equal to n2/4 + 1. Motivated by the study of rings that are sums of two
PI-subrings, Beidar and Mikhalev [2] proved that a subalgebra of Mn(K) satisfy-
ing the polynomial identity [x1, y1][x2, y2] = 0 has dimension less than or equal to
(3n2/8)+ 2. The above proof of Theorem 1 is a generalization of the proof of [2,
Lemma 8].
Inequality (3) is sharp as it is shown by the following example. Take the triangular
matrix algebra
 =


1 12 13 · · · 1q
0 2 23 · · · 2q
0 0
.
.
.
.
.
.
...
...
...
.
.
. q−1 q−1q
0 0 · · · 0 q


,
where i is a commutative subalgebra of Mni (K) of dimension n2i /4 + 1, and
ij is the space of ni × nj matrices (with its natural Mni (K)−Mnj (K)-bimodule
structure). This  satisfies (1), its dimension is
q +
q∑
i=1
⌊
n2i
4
⌋
+
∑
1i<jq
ninj ,
and the space of
∑q
i=1 ni-dimensional column vectors is a faithful -module.
Finally we raise a problem: Does Theorem 1 remain valid for any artinian ring 
satisfying (1), if we replace K-dimension by the-length of-modules? An abstract
version of the Schur–Jacobson theorem (i.e. the case q = 1) in this flavour was given
by Cowsik [3].
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